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ABSTRACT

A discrete-time model is used to simulate optimal
extraction paths of 2 firm whose costs increase as
reserves decline. When increasing extraction-based
tax payments are required as a condition of license, a
revenue tax is often preferred to a profit tax by both

*hE—fIrm—and—thE—gUvErnmentT————————————————————————————__________________



Yielding I ing G R

When a poor country or region possesses a deposit of =
commercially exploitable mineral, it may try to use the mineral to
generate economic growth. The development of such a deposit is
frequently left to private firms. Where the resource is government-
owned, one major economic benefit often is public revenue (from
taxation or through a governmeni’s share of the venture’'s profit) to
reduce existing tax burden or to finance new economic initiatives.

When mineral expleitation is characterized by incressing
production costs, as when a decline in remaining reserves causes unit
costs to increase, meximization of the firm's discounted total profit

over a fixed time horizon dictates high production in early stages of

the economic life of the deposit, and declining production as time

passes. Public revenues will deeline also if the government receives

— & {ixed proportionr of profit esch periocd, or levies & fixed-rate tax

on either gross sales revenue or quantity extracted.

Elected government officizls often have short planning horizons,
and may be tempted to use all of the new revenue immediately for new
spending or tax reductions. If so, the predictable decline in minersl
revenues will force politieally uwndesirable spending cuts or tax

increases in the future. Te extend the time over which & tax

reduction or spending increase can take place, the govermment will

need scome guarantee that its new source of income will provide non-



declining or increasing revenues through time.

To induce compliance with its requirement of increasing revenue,
the government may threaten toc revoke the firm's production license.
Long(1975) has shown that a firm facing a threat of expropristion,
vpon which its own activities exert no influence, will shift
production forward even further. If, however, the threat of license
revocation is made conditional on the firm's failure to meet the
revenue~growth goal, the firm, by complying with the government’s
wishes, can eliminate it. |

A discrete-time model is used in this psper to similate the
optimal production programmes of a firm facing a renewsble extraction
license, under both a tax on profit after extraction cost and a tax on
gross sales revenue. Sinece the output price is held constant, the
latter may also be interpreted as & severance tax. The results are
compared with those obtained from models without such growth
objectives.

THE MODEL

The model used for the simmlations is an extension of the mine
manager ‘s problem in Conrad and Clark.(1987), in which production cost
rises as the stock is depleted. It may also be viewed as a version of
Pindyck’'s (1878) model, in which exploration is prohibitively
expensive. In this pasper, the model is extended to include
miltiplicative terms which represent, for each time period, the firm's
subjective probability of retaining its licenze until that period.

Thus, the firm's production profile influences not only the sabsolute
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after-tax profit in each period, but alse the probability of receiving

it.
The Conrad~Clark model, incorporating both revenue and profit
taxes, is:
T-1 ( ) ‘
X T ot [vidpi-n-v/xida-n]
Wyl twpd j
aubject to:

41 = Z-Yp
Xn glven |

Where: X; = stock at the start of period "t"; ¥, =
original deposit: Yi = production during period "t;
P = constant cutput price; x = tax on gross sales
revenue; 7T = tBx on profit; & = discount rate; p =
digseount factor = [1/{1+4d)]; and T = date at which
the deposit is abandoned.

When the government requires a certain minimim growth rate in

the remittances it receives, the problem faced by the firm is altered.

The firmmay 1o longer plan t©o produce over the entire T-period

horizon, since it may earn greater profit by producing large amounts

in the early periods and foregoing entirely its profit in some later

ééfibaé. The.firm ﬁoﬁ chﬁoses a.ﬁroduction programme to maximize its
expected profit, where the probability of having its license renewed
in the future depends on its actions in the current and past periods.
The firm’s new problem is shown in Figure 1. The model now includes
miltiplicative terms describing the probability of survival, or

license extension, conditional on its having been extended to the




Figure 1

Firm's Optimization Problems
¥With Tex Payment Growth Objectives

MAX

Y Em— V=Y. /X 2(1-?-
£7:4 oy ll—X, o/ dnct )

T-1 t
+ 2, pt' [}'Iisi(}{'_l, X Y1, Yiﬂ [Ytgp(l_k’)_Ytﬁthg(l"“T)]
t=1 1= S

subisct to;

Kp+1 =Xt — Yy,
X, given, 8, ='1.

With a tax on profit only, for t=1...T—1,
Si(Kp—-1. Xt V-1, Y¢) =

{ - (b‘ft——i(P"Yt-—l./Xt-1}-Yt{1:’—'ft/’?5t}>ﬁ
(b—a)Yy—1(FP-Y4—1/%—1)]

With & tex on groes revenue only, for t=1...T-1

; v
Sp(Xp—1. Xt Vi1, V) = 1*(__12?‘ ;Y - t)ﬁ
b-a)Yy_3

Wihiere:

Xt = Reseorves at the start of peried "V

Y = Production during period "t"

P = Constant price of output

vy = Tax Rate on Grogs Revenue

7 = Tax Kate on Profit

g = discount factor = [1/1+6], where

¢ = discount rate

T = date at which the deposit is abandoned

a = 1+{minimum scceptable tax growth rate)
b = 1+(upper bound on acceptable tax growth)

£ = concavity coefficient on conditional
probability distribution



current period: P(license extended|Tax Revenue Growth) = S, =
F(Taxy~Taxe-1), where F () > 0.

The form of F(*) chosen for the s=imlations is the cumulative
distribution function of the Beta(a,B) distribution, with the
parameter o set equal to one. The general form of the Beta(a,B)
density function is:

Px(x) = T(a+B)=[F(adT(B)]™1e = 2(1-x)P"1} , xe[0,1].

Setting a egual to cne, and using.r(t+1)=tor(t), I'{1)=1, we have,

Fx(x) = B(1-x)P"1 , xe€[0,1].

This function may be transformed for any y=a+(b-a)x:

fy(y) = B{(b-y)/(b-a)}* 2e(b-a)"1 , ye[a,b] ,
which integrates to the cumilative distribution function:

Fy(y) = 1-{(b-y)/(b-a)}® , ye[a,b].

The variable y is used to represent two different ratiocs. If the firm
faces a tax on profit, y=Profite/Profiti—1. Under a revenue tax,
v=Productiony/Productiony. The final expressions for 5S¢ are shown in

Figure 1.

The upper limit of the interval, b, is the government’s growth
objective, such that tax-payment growth of that magnitude is
‘sufficient to ensure the extension of the firm’s license (the minimam
rete of tax-payment growth at which the subjective probability of
license extension is one). Similarly, s is the rete at or below which
the firm is certain of license revocation.

The government’'s willingness to revoke a firm's license for

failing to satisfy the growth objective will depend on the mumber of
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other firms available to extract from the deposit. If that number is
la£ge, the government may easily dismiss any firm not meeting the
requirements exsctly. If the number is small, an incumbent firm may
retain its license +to extract by fulfilling the reguirement only
approximately. The firm's subjective beliefs concerning the
government ‘s willingness to forgive small deviations from the goal are
captured in the parameter . When =1, 8. is linear in tax-receipts
growth, the firm’s "survival" probability falls in proportion to the
magnitude of the deviation from the government ' 's objective. Where
B>1, S. 1is strictly concave in growth, suggesting that small
deviations from the goal are expected to be penalized much less
harshly than are large deviations.

Conrad snd Clark’s original discrete-time problem can be solved
by constructing sand optimizing of = Hamiltonian. The problems
described here cannot be, becanse production levels in previous
periods influence the conditional probabilities associated with those
periods, which are in turn multiplied to obtain the current period’s
total probability. Further, previous period production reduces the
size of the reserve availsble in the current peried, which influences
the 1likelihood that a given rate of profit or revenue growth may be
maintained.

Since the problems use discrete time, in principle, they can be
zolved u=ing Legrangien expreszions. These are extremely lengthy,
however, and for practical purposes, solutions were obtained using =

numerical optimization package, the micro-computer version of GAMS-



MINOS (Brooke et al., 1888).

Three mets of similations were computed, in which the desired
rate of growth of tax payments, or the upper bound on the conditionsal
pfobability distribution, was 10¥%, and the lower bound -5%. For
comparability with Conrad and Clark’s results, a time horizon of 10
periods was assumed, as was a 10% discount rate, an original deposit
size of 1000 units, and a constant unit price of output.

SIMULATION RESULTS

As wseen from Table 1, where there 1s no tax-receipts-growth
goal, the imposition of a tax on profit after extraction cost causes
ne change in the optimal no-tax production plan, since such a tax
cannot be avoided. In contrast, a tax on gross revenue does distort
the optimal plan in comparison with the no-tax programme. The effect
of the tax is to reduce the net price received by the firm, reduecing
the maxtimim royalty (marginal revenue less marginal cost) in the final
period. The profit tax is preferable to the revenue tax on the basis

of economic efficiency.

A growth objective introducés distortions into the firm's
behavior, so the optimality of the profit tax from the standpoint of
“ecoriomic efficiency “can no longer  be assumed automatically.  From~
Table 2, the simalation results show that, under a profit tax with =
growth objective and a linear conditional probability function (p=1),
the firm optimally produces in all ten periods, but under a tax on
gross revenue with the same growth objeetive and wvalue of B, its

optimal programme precludes production in the final time period. For
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ease of comparison, a ”constfained" model, consisting of the Conrad-
Clark model with production constrained to rise at a rate of 10%, 1is
constructed and solved as well.

If the government’s utility function gives absclute tax receipts
in 811 periods equal weight, it will still prefer the profit tax,
because the final period tax receipt under the revenue tax is often
ZBero. If the wutility funection places the smellest weight on tax
receipts in the final periods, or if it includes minimization of the
rate of growth of =actoal production (perhaps to minimize the
adjustment costs of saltering production rates), the revenue tax will
be preferred. Somewhat surprisingly, the firm is able to earn greater
total discounted profit under a tax on revenue than under & tax on
profit, while at the same time msking larger tax payvments to the
government.

This result obtains because, when faced with =a growth-
constrained profit tax, the firm mst schedule production so that
profit increases at the specified rate, implying that costs rise less
rapidly than revenue. With stock-dependent costs, this necessitates
reductions in early-period outputs, to allow higher production in
later periods, and to ensure that enough of the minersl is left
unextracted tc keep later period costs down.

In contrast, a8 growth-constrained revenue tax places no
restriction on the behavior of the firm's costs through time. The
firm can maximize the discounted sum of after-tax profit, subject only

to the constraint that gross revemie (& constant multiple of guantity
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12
gold), increase= each pericd =t the zpescified rate of tax-receiptm-
growth. The firm will produce as long as it is able to meet the
government's objective while earning positive after-tax profit, even
though profit may be declining in later periods.

The effect on production, tax, and profit for values of B>l can
be seen in Table 3. At B=3, indicating great willingness by the
government to forgive deviations from its goal, the firm facing =
profit tax produces for all ten periods, but uses the government’s
1eniency to shift production forward, increasing its total profit.
The firm facing a revenue tax produces for nine or ten periods,
depending on the tax rate. At tax rates at or below 25%, the firm's
optimal plan is to produce for all ten periods. At tax rates above
30%, the firm again produces for only nine pericds. In both cases,
production is shifted forward compared with the results for $B=1.

IV. OONCLUSION:

The  government of a sﬁall, underdeveloped region can use a
newly-discovered mineral deposit as a source of increasing revenues.
It can do so by demanding, as a condition of a firm's license to
extract, that activity-based tax payments to the government increase
at a specified rate. Of the two types of tax considered here, the tax
on gross revere, or production, is preferred to the tax on profit.
Under such a tax, the firm can remit larger amounts each period to the
government, while earning greater discounted profit, than would be

possible under a profit tax.
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